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Abstract 

The nonlocal and topological nature of the molecular Aharonov- 
Bohm (MAB) effect is examined for real electronic Hamiltonians. A 
notion of preferred gauge for MAB is suggested. The MAB effect 
in the linear + quadratic E ® e Jahn- Teller system is shown to be 
essentially analogues to an anisotropic Aharonov-Casher effect for an 
electrically neutral spin— ^ particle encircling a certain configuration 
of lines of charge. 
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1 Introduction 



The molecular Aharonov-Bohm (MAB) effect, first hinted at by Longuet- 
Higgins and coworkers PQ 12 13 EI, is one of the paradigmatic examples on early 
anticipations of Berry's discovery [Hj of geometric phase factors accompanying 
cyclic adiabatic changes. The importance of MAB ranges from testable shifts 
of the vibronic energy spectrum [HIIZI, effects on cross-sections in molecular 
reactions [8} 13 CD] , and effects on reduction factors [TT] , to subtle symmetry 
assignments of vibronic states in Jahn- Teller systems ^21 ^1 E] and 
search for conical intersections jU [13 [T71 HHJ UHl 120] . However, it is probably 
fair to say that interest in the MAB effect itself arose first after it was re- 
alized inn 122] its mathematical analogy with the standard Aharonov-Bohm 
(AB) effect |2S]- This mathematical analogy is the independence of details 
of the shape of the closed path in a multiply connected region of nuclear 
configuration space. 

In a recent work j21], the present author has considered the physical 
nature of this analogue in the case of the E ® e Jahn- Teller system. The 
question addressed there was: does MAB share all the remarkable properties 
of AB? The main outcome of this analysis was that although MAB obeys 
the above mentioned independence of details of the closed path in nuclear 
configuration space, it does not share the remaining nonlocal and topological 
properties of AB. The purpose of the present paper is to develop the local 
and nontopological nature of MAB further. In particular, we wish to extend 
|25 to any molecular system with real electronic Hamiltonians. We also wish 
to propose a notion of preferred gauge for MAB in this case, in terms of a 
so-called gauge invariant reference section [23 [20] that appears naturally in 
the theory of the open path Berry phase [23 [2H]- 

The starting point for the argumentation in pi] is a set of criteria for a 
nonlocal and topological phase effect, first exphcitly introduced by Peshkin 
and Lipkin [29j. These are: 

• A phase effect is nonlocal if: 

(Nl) the system experiences no physical field, 

(N2) no exchange of physical quantity takes place along the system's 
path. 

• A phase effect is topological if: 
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(Tl) it requires the system to be confined to a multiply connected re- 
gion, 

(T2) any assignment of phase shift along the system's path is necessarily 
gauge dependent and thus neither objective nor experimentally 
testable. 

One can argue that AB fulfills all these criteria for a nonlocal and topological 
phase effect. On the other hand, in the case of MAB, where the physical sys- 
tem consists of the nuclear configuration and a set electronic variables, the 
situation is very different. First, MAB is local in that it obeys neither (Nl) 
nor (N2): the nuclei experiences the Coulomb field from the electrons, and 
there must be a local exchange of force to create the change in the electronic 
state necessary for the appearance of points in nuclear configuration space, 
across which the electronic open path Berry phase factor changes sign dis- 
continuously [301 ED E21 ESI ■ Secondly, MAB is nontopological in that (T2) 
fails since there is an objective and experimentally testable open path elec- 
tronic Berry phase that causes the effect on the nuclear motion. Only (Tl) is 
fulfilled for MAB: the nuclei must be confined to a multiply connected region 
for the effect to occur. We wish to discuss the above criteria in relation to 
MAB systems of general kind. 

In the next section, we extend the argumentation of |24j to the case of 
arbitrary molecular systems with real electronic Hamiltonians. A notion of 
preferred gauge for MAB in this case is suggested in section III and applied 
in detail to the E ® e Jahn- Teller system. The analogue between the MAB 
effect in the E ® e Jahn- Teller system and the Aharonov-Casher effect jSl] , 
as pointed out in [21] , is further developed in section IV, so as to treat linear 
and quadratic coupling simultaneously. The paper ends with the conclusions. 

2 Locality and topology 

The argumentation in [24j that MAB is essentially a local and nontopological 
effect was put forward in the special case of the E ® e Jahn- Teller system. 
This raises the question whether the main conclusions arrived at in [21] also 
apply to other molecular systems that may be described accurately by real 
electronic Hamiltonians. In this section we address this issue and argue that 
MAB also in the general case is local and nontopological. 
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For sake of clarity, we focus on the motion in some pseudorotational 
(internal) nuclear coordinate 9, as described by the vibronic Hamiltonian 

H=^-pl + H,{e), (1) 

where pg is the canonical momentum corresponding to 9 and He{9) is the 
electronic Hamiltonian assumed to be real, traceless, and fulfiUing He{9 + 
27r) = Hf.{9). Let {|n)}^^^ be a fixed orthonormal basis of the electronic 
Hilbert space of finite dimension N. Furthermore, let {R{9)\9 G [0,27r) be 
a one-parameter set of members of the rotation group SO(N) in R^, in 
terms of which the orthonormal instantaneous eigenvectors of Hf,{9) read 
{\n{9)) = R{9)\n)}^^^. Then, we may write He{9) = R{9)E{9)R^ {9) with T 
being transpose and E{9) — diag[£'i(6'), . . . , En{9)], where Ei{9), . . . , En{9) 
are the electronic cigenenergies corresponding to . . . , |A^(^^)). 

The Born-Oppenheimer regime is attained when the electronic cigenen- 
ergies {En{9)}^^i are well separated so that the nuclear motion takes place 
on a single electronic potential energy surface, let us say En{9). This may 
be described by the effective nuclear Hamiltonian 

H^^{n{9)\H\n{9))^^pl + E^{9), (2) 

rp 

where we have used that {n\R^ {9)pgR{9)\n) = 0. The issue of MAB arises 
when considering the single- valuedness of the molecular state vector |\l/(6')), 
which in the Born-Oppenheimer regime is a product of the instantaneous 
electronic energy eigenvector \n{9)) and a nuclear factor x(^), i.e., \'^{9)) = 
x{9)\n{9)) . Here, we use the position representation of the nuclear motion in 
the pseudorotational angle 9. The single- valuedness of |^(^^)) requires that 
any multi-valuedness of the electronic part must be compensated for by the 
nuclear part. Thus, if \n{9 + 2tt)) = —\n{9)), x(^) must fulfill the boundary 
condition -|- 27r) = —x{9). A nontrivial MAB effect arises if and only if 
there is no phase transformation of the form \n{9)) |^(^)) — e^^^^^\n{9)) 
so that the effective vector potential 

Ar,{9) = i{n{9)\de\m) = -dem (3) 

vanishes everywhere and at the same time retaining single-valuedness for 
x(^) under the requirement that |^(^)) is single- valued. 
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Under the condition that there is a nontrivial MAB effect, let us ask: 
what is its physical nature in relation to the standard AB effect? Let us first 
address the issue of locality. As already indicated, the standard AB effect, 
which may occur when a charged particle encircles a line of magnetic flux, is 
nonlocal as it fulfills the criteria (Nl) and (N2): the effect arises although the 
particle experiences no physical field and no exchange of physical quantity 
takes place along the particle's path. Could the same be said about the MAB 
effect? One way to address this question is to note that since the electronic 
Born-Oppenheimer states are eigenstates of He{9), it may be tempting to 
replace the electronic motion by the appropriate eigenvalue of He{9) in the 
Born-Oppenheimer regime so that the electronic variables can be ignored, 
creating an illusion that the nontrivial effect of the MAB vector potential on 
the nuclear motion is nonlocal and topological in the sense of the standard 
AB effect. However, this argument fails essentially because the electronic 
variables are dynamical and do not commute among themselves. Thus, there 
always exist a subset of these variables, namely those that are off-diagonal in 
the instantaneous electronic eigenbasis {\n{9))}^^^, whose expectation values 
vanish in the Born-Oppenheimer limit, but whose fluctuations do not. These 
fluctuations are due to the local interaction between the nuclear variables 
and the electronic degrees of freedom. Thus, both (Nl) and (N2) fail for 
MAB. 

Next, we address the issue of topology. The standard AB effect is topo- 
logical in that (Tl) it may occur although the region of magnetic field is 
inaccessible to the encircling charged particle and in that (T2) the charged 
particle only feels the gauge dependent vector potential along the path. In 
the case of MAB, recall that two types of degrees of freedom are involved: 
those of the electrons and those associated with the nuclear configuration. 
Now, any assignment of nuclear phase for open paths in nuclear configu- 
ration space is necessarily gauge dependent and therefore unphysical. On 
the other hand, there is an objective way to relate the origin of the MAB 
phase effect locally in nuclear configuration space using the open path Berry 
phase 7„ for the corresponding electronic Born-Oppenheimer state vector 
\n{6)) = e^^^^^ \n{9)) . Here, we assume ^{9) to be differentiable along the 
path but otherwise arbitrary. The noncyclic Berry phase is defined by re- 
moving the accumulation of local phase changes from the total phase and is 
testable in polarimetry or in interferometry I37j. We obtain for 
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7n = arg(n(0o)|^W)+^ rW)l^l^(^'))rf^' = argK^o)|^W), (4) 

by using Eq. (jH}. Clearly, 7„ is locally gauge invariant as it is independent 
of iiO). It corresponds to phase jumps of vr at points across which the real- 
valued quantity {n{6Q)\n{9)) goes through zero and changes sign. In the case 
where an even number of vr phase jumps occurs, the nuclear factor x{^) is 
single- valued and there is no MAB effect. On the other hand, for an odd 
number of such jumps, there is a physically nontrivial sign change for such 
a loop. Thus, the presence of a nontrivial MAB effect could be explained 
locally as it requires the existence of points along the nuclear path where the 
electronic states at 9^ and 9 become orthogonal. This assignment of electronic 
Berry phase shift is gauge invariant at each point along the nuclear path and 
thus experimentally testable in principle. It shows that MAB does not obey 
the criterion (T2) for a topological phase effect. 



3 Preferred gauge 

The assignment of a gauge invariant electronic Berry phase for any open 
portion of the closed nuclear path suggests that MAB is not topological 
and that it might be meaningful to introduce a notion of preferred gauge in 
this context. The corresponding preferred vector potential is defined as that 
whose line integral gives the open path Berry phase. This idea can be put 
forward in terms of a so-called gauge invariant reference section 1^ as 
follows. 

First, in general terms, let \il^{s)) be a normalized Hilbert space represen- 
tative of the pure quantal state ip{s) tracing out the path C : s G [sq, Si] 
'ip{s) in projective Hilbert space V. Now, if 7^ \{'ip{so)\ip{si))\ < 1, then the 
Berry phase 7[C] associated with C is j2H] 

7[C] = arg(?/^(so)|^(si)) - / aTg{ip{s)\i){s + ds)) 

J so 

= s.Tg{^{so)ms,)) + z r{^lj{s)\^{s))ds, (5) 

J so 

where the first and second term on the right-hand side contain the global 
phase and the accumulation of local phase changes, respectively. This open 
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path Berry phase is real- valued and reparametrization invariant j2H]- It is 
gauge invariant and thereby measurable jnH ESI EZI EH] in that it is inde- 
pendent of choice of Hilbert space representative. ^[C] reduces to the cyclic 
Berry phase [S] in the particular case where \{iP{sq)\%Ij{si)) \ = 1. 

A gauge invariant reference section \(j){s)) is a nonlinear functional of 
\^p{s)) defined as [23121 

\(f){s;so)) = exp ( - zarg(^(so)|^(s)))|^(s)), (6) 

which has the image C in V. Sq)) is in one to one correspondence 

with C in that it is gauge invariant under phase transformations of \ip{s)). 
Furthermore, by inserting Eq. © into Eq. (0), we obtain 

7[C]= rA{s;so)ds, (7) 

J so 

where the gauge function reads 

A{s; So) = i(0(s; So)|9^0(s; Sq)). (8) 

Now, the one to one correspondence between the path C and {|0„(s; so))| 
s G [so, Si]}, and the fact that the open path Berry phase can be directly 
expressed in terms of the vector potential A{s;so), suggest that the gauge 
invariant reference section defined in Eq. (jH)) has a special status: it is 
natural to regard |(/)n(s; sq)) and A{s] sq) to constitute a 'preferred gauge' for 
the measurable open path Berry phase. In doing so, one should take notice 
that the functional form of the preferred vector potential A{s; Sq) depends 
in general upon ip{so), but is otherwise unique up to an additional term 
whose integral over the interval [sq, Si] equals an integral multiple of 27r. 
In particular, once ip{so) has been chosen the corresponding phase factor is 
gauge invariant under phase transformations of \ip{s)). 

We next apply this idea and calculate the gauge invariant electronic 
reference section relevant for MAB and its concomitant vector potential 
in the case of real electronic Hamiltonians. Let the pseudorotational an- 
gle 9 e [9o,9o + 27i] parametrize a closed path Cn in nuclear configura- 
tion space. Let \n{9)) = R{9)\n) be a Hilbert space representative of a 
nondegenerate electronic energy eigenstate along this path. Under these 
assumptions, consider a finite portion ACat of C^- First, suppose that 
{n{9Q)\n{9)) 7^ 0, 6* G ACat. Along such a AC^r, the gauge invariant ref- 
erence section reads 

^^o)) = exp ( - z arg(n(^o) H9)) = ±H9)), (9) 
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where the sign is independent of 9. This follows since {n{9Q)\n{9)) is real- 
valued and may only change sign where it vanishes. Inserting Eq. (jU)) into 
Eq. dHl), we obtain An{9] 9q) = 0, 9 e ACn- 

Now, suppose there is a single isolated point 9k G ACn across which 
(n(^o)l^(^A;)) goes through zero and changes sign. For such a point, it follows 
that 



\M0;0o)) = ±exp [znK{9 - 9k))\n{9)), 9 e AC^, (10) 

where hg is the unit step function. This yields 

An{9; 9o) = -n6{9 -9k), 9 e ACn, (H) 

where we have used that dehsij) — 9^) = 6 {9 — 9k). 

Extending this to the whole closed path Cn, we may assume it contains K 
angles 6*1, ... , 9k, all across which (n(6'o)|n(6')) goes through zero and changes 
sign. Then, the gauge invariant reference section reads 

\M0;0o))=(^w(^^^J2^h,{9-9k)yn{9)), 9 e Cn (12) 

with the corresponding preferred vector potential 

K 

Ani9; 9o) = -nJ2 ^{0 -9^), 9e Cn- (13) 
fc=i 

Notice that ^„(6';6'o) is a local quantity as it only depends upon the an- 
gles 9i, ... ,9k, whose location is gauge invariant once the 'initial' electronic 
eigenstate n{9o) has been chosen. 

There is a nontrivial MAB effect if and only if K is odd, since 

7n[Civ] = / And9 = -Ktt. (14) 

It is important to notice that this criterion for a nontrivial MAB is only 
fulfilled if the effective nuclear motion has physical access to the whole closed 
path Cn. To see this, let {n{9Q)\n{9)) change sign at the angles 9i,. . . ,9k 
along Cn. In the preferred gauge the effective Hamiltonian operator for the 
nuclear motion in the 9 direction reads 

Hn = {Md;do)\H\M0;0o)) = ^[pe + An{9-9o)f + En{9). (15) 
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Suppose En{0) comprises an infinite potential barrier over the angular range 
6 e + A^9], < Ai9 < 27r, creating an inaccessible part Cn{^'&) of Cn 
for the nuclear motion. Then, it is consistent with the boundary condition 
x('i?) = xi.'^ + ^'^) = to absorb the vector potential An into the phase of 
the nuclear factor. 




Figure 1: Single line : s G [0, 1] qN^s) in nuclear configuration space 
for which A{qN{s); qN{so)) = —Ti5{qN — qN^s)), for < s < s' < 1, and 
•^{qN{s);qN{so)) = 0, for s' < s < 1. For any closed path C that cross 
C^, the electronic eigenvector picks up a sign implying a degeneracy on any 
surface that has C as boundary. For any closed path C that does not cross 
C^, no such sign change occur. From Longuet-Higgins theorem ^ follows 
that qN^s') is a point of electronic degeneracy. 

Now, what is the origin of a nontrivial gauge invariant reference sec- 
tion? In part this can be answered in terms of the following relationship 
between the gauge invariant reference section and degeneracy points where 
two or more electronic potential energy surfaces cross (for an analysis of 
the related connection between degeneracies and singularities of the elec- 
tronic eigenvectors, see |SH])- Let qN be the internal nuclear coordinates 
and consider a line : s E [0, 1] qN^s) in nuclear configuration space 
for which A{qN{s); q^iso)) = —Tx5{qN — gAr(s)), for < s < s' < 1, and 
•A~{.qN{.s)]qM{sQ)) = 0, for s' < s < 1, see Fig. [TJ Now, any path C in the 
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Born-Oppenheimer regime that starts and ends at the reference point qN{so) 
and cross once, must be associated with a sign change of the electronic 
eigenvector and thus must enclose at least one point of degeneracy on any 
surface that has C as boundary, as implied by the Longuet-Higgins theorem 
jl]. On the other hand, there is no such sign change originating from for 
a closed path C that does not cross C^, which implies that there must be 
one less degeneracy enclosed by such a path than by C. Thus, q'iv(s') is a 
degeneracy point. 

To illustrate the gauge invariant reference section for MAB, let us revisit 
the linear + quadratic E ® e Jahn- Teller effect, which is known to exhibit a 
nontrivial MAB structure. There, the symmetry induced degeneracy of two 
electronic states {E) is lifted by their interaction with a doubly degenerate 
vibrational mode {e). In the vicinity of the degeneracy point at the symmetric 
nuclear configuration, this may be modeled by the vibronic Hamiltonian 



H=]^pI + + ^r' + AS{r, 9) ( cos a(r, 9)a, + sin a(r, 9)a,). (16) 

Here, (r, 6*) are polar coordinates of the vibrational mode, {pr,Pe) the corre- 
sponding canonical momenta, k > and g > are the linear and quadratic 
vibronic coupling strength, respectively. AS and a are given by 



A£(r,9) = ^ k'^r'^ + kgr^ cos 39 + —g'^r^, 

A£(r,0)e*"(^'^) = fcr cos ^ + ^c/r^ cos 2^ + i(fcr sin ^-^^r^ sin 20). (17) 

The electronic degrees of freedom are described by Pauli operators defined 
in terms of the diabatic electronic states |0) and |1) as = |0)(1| + |1)(0|, 
(Ty = — 'i|0)(l| +i|l)(0|, and = |0)(0| — |1)(1|. Diagonalizing the electronic 
part of H yields the electronic eigenvectors 

! + («)) = cos||0) + sin||l), 

I -(a)) = -sin-|0) + cos-|l) (18) 

with corresponding energies E± = ± A£{r,9) and where we have put 
a = a{r,9) for brevity. The phase a is undefined only if AS{r,9) = 0, 
corresponding to the degeneracy points at r = and r = 2k /g for 9 = 
7r/3, TT, 5n/3. 



10 



r 




Figure 2: Lines of sign change and degeneracy points in the hnear + quadratic 
E ® e Jahn- Teller model for any of the two Born-Oppenheimer states. De- 
generacies are indicated by small circles; they occur at the origin and at 
r = 2k/g for angles 9 = n/S, vr, Stt/S. The electronic reference state is 
chosen at an arbitrary point along the dashed-dotted line {6 = 0). The thick 
continuous lines correspond to points where (±(ao)| i («)) goes through zero 
and changes sign. These lines of sign change end either at infinity or at a de- 
generacy. For a circular closed path with r > 2k/g, there is an even number 
of jumps for this path, and consequently no MAB effect for the corresponding 
nuclear motion along the path. On the other hand, for any circular closed 
path with r < 2k/ g there is a single node at 6' = vr, assigning a nontrivial 
MAB effect. 
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To calculate the gauge invariant reference section, we may choose 6q = 
so that ao = (^{f^o, ^o) = 0, independent of tq. In this case, we obtain 



(±(ao)| ± (a)) = cos-. 



(19) 



This vanishes for a = n corresponding to 



/cr sin ^ — -(yfr^ sin 26' = 0, 
A;r cos6' + -(^r^ cos 26' < 0, 



(20) 



which have the solutions 6' = n for r < 2k/ g and 6' = ± arccos[A;/(5'r)] 
for r > 2k/ g. Since the solutions for r < 2k /g are independent of r, they 
constitute a radial line whose end-points are the electronic degeneracies at 
the origin and at (r, 9') = {2k/ g, vr), see Fig. |21 If 2k/ g < r — > oo, we obtain 
the limit angles 6' = ±tt/2 at the infinity. On the other hand, if r — > 2k/g~^, 
then the lines of sign change terminate at 6' = ±7r/3, which are the remaining 
electronic degeneracies, see Fig. |21 

Next, let us consider the gauge invariant reference section and the corre- 
sponding vector potential. For r < 2k/g, we have 



|0±) = exp yi7rhs{9 — a,iccos[k/(gr)]) 

+iTchs{6 + a.Tccos[k/{gr)])^\ ± (a)), 
^^(^;0) = -7r(5(^-arccos[A;/(^r)]) -7r5(0 + arccos[A;/(^r)]). (22) 

4 Aharonov-Casher analogue 

It was demonstrated in j^Ej that for the linear or the quadratic E ® e Jahn- 
Teller system, there is a close analogy with the Aharonov-Casher (AC) phase 
effect [34J for an electrically neutral spin— | particle encircling a line of charge. 
From this perspective, one may regard the presence (absence) of MAB effect 



^±(^;0) 




Ti5{e-Ti) 



(21) 



while for r > 2k/ g,we have 
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in the linear (quadratic) nontrivial (trivial) vr (27r) AC phase shift. 

Here, we extend this idea to the linear + quadratic case. 

In brief, the AC effect may occur when an electrically neutral spin— | 
particle carrying a magnetic dipole moment /i encircles a straight line of 
charge. Under the condition that the spin is parallel to the charged line, the 
particle acquires along the closed path dS the phase shift {h = 1) 

.,C-^£(ftxE).*^|//^V.EdS^|i (23) 

with c the speed of light, fi the direction of the dipole, E the electric field, 
dr a line element along this path, S any surface with dS as boundary, A the 
enclosed charge density, and eo the electric vacuum permittivity. 

To demonstrate the promised analogy between the MAB effect in the E^e 
Jahn- Teller system and the AC effect, we may use the apparent spin analogy 
in terms of which we may notice that the electronic Hamiltonian in Eq. (fTH|l 
describes a spin— ^ under influence of an effective magnetic field that rotates 
around the ay axis by the angle a{r, 9). We expect the electronic Hamiltonian 
be fixed (possibly up to an unimportant r and 6 dependent scale factor) in 
an internal molecular frame that co-moves with this rotation. The essential 
point here is that, contrary to the usual case of a spin— | in a rotating external 
magnetic field, the rotation angle a of this Jahn- Teller system depends upon 
the internal variables r and 9. This has the consequence that the vibronic 
Hamiltonian in the co-moving frame, which reads (omitting the inessential 
and terms) 



H' = U^HU = At 
2r2 



A£ir,9)a, (24) 



with U = exp[—ia{r,6)ay/2] the unitary spin rotation operator, contains a 
nontrivial modification of the nuclear kinetic energy operator. Indeed, by 
using H' and the Heisenberg picture, this modification in turn affects the 
equations of motion for the electronic variables, which read 



= -dea{r, 9)9 a, - 2Af (r, 9) a, 



CTy = 2A£{r,9)a^ 



a, = dea{r,9)9a,, (25) 

where r'^9 = pe — ^dea^r, 9)ay. The Born-Oppenheimer regime is character- 
ized by the condition d0a{r,9)\9\ <^ AS{r,9) that apparently breaks down 
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when A£^(r, 6) is very small, which happens close to the electronic degenera- 
cies. From Eq. (|25p. it follows that the electronic motion describes the local 
torque due to an effective magnetic field Bgg- = —dea^r, 6)6 ey + 2A£^(r, 6) 
seen by the electronic variables in the rotating frame. The large z com- 
ponent of Bgg- depends only on the energy difference A£{r,6) between the 
two electronic states and is thus irrelevant to MAB. On the other hand, the 
small y component corresponds exactly to the MAB effect and gives rise to 
a cr • (v X Egff) term for the electronic variables in the co-moving frame in 
the X — z plane. Explicitly, we have 

Eeff=^^^^e, + E,(r,^)e,, (26) 
2r 

where we have left out the explicit form of the 6 component of Egg-, as it 
does not contribute to the MAB phase effect. The effect of this field is 
equivalent to that of an AC system that consists of four charged lines in the 
y direction sitting at the four conical intersections at r = and r = 2k /g 
for 6 = 7r/3, TT, Stt/S, all of which with the charge per unit length being 
proportional to |. Thus, the MAB effect for the E ® e Jahn- Teller system 
resembles exactly that of the AC effect for an electrically neutral spin— | 
particle encircling a certain configuration of charged lines perpendicular to 
the plane of motion. 

Note that the phase shift only depends upon the enclosed charge, 
but is independent of the shape of the dipole's path. On the other hand, 
the dipole feels the gauge invariant electric field E, which defines a preferred 
gauge in terms of the gauge invariant effective vector potential (/i/c^)n x E 
and which causes a nontrivial, essentially local and nontopological autocorre- 
lation among the spin variables, as demonstrated in [21] . From this perspec- 
tive, we believe that the present analogy between the AC and MAB effects 
further strengthens the local and nontopological interpretation of MAB for 
this Jahn- Teller system. 



5 Conclusions 

Arguably one of the most intriguing discoveries of the second half of the 
20t/i century was that of a nonlocal and topological interference effect for a 
charged particle moving around a magnetic flux line, made by Aharonov and 
Bohm (AB) [22] ■ Analogues of this remarkable effect have since then been 
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found, such as the Aharonov-Casher (AC) effect |33] and its Maxwell dual, 
the so-called He-McKellar-Wilkens (HMW) effect 001111]. Common to these 
analogue effects are that they only occur under certain restrictions on some 
additional degree of freedom: the spin direction for AC and the direction of 
an electric dipole for HMW. These additional restrictions turn out to make 
these effects essentially different from the standard AB, in that they do not 
obey all the properties for being nonlocal and topological. 

Does the molecular Aharonov-Bohm (MAB) effect share the fate of these 
other analogue effects? This question was examined quite recently by the 
present author , in the particular case of the E ® e Jahn- Teller system. 
In identifying the restrictions for this system, which are the conditions of 
attaining the Born-Oppenheimer regime and the electronic state being in 
one of two instantaneous energy eigenstates, this issue can be addressed very 
much along the line of the other analogue effects. The outcome was: the 
MAB effect for this system is neither nonlocal nor topological in the sense of 
the standard AB effect. In this paper, this result has been generalized to any 
molecular system with real electronic Hamiltonian and where a nontrivial 
MAB effect shows up. In addition, a notion of preferred gauge for such 
systems, defined by an effective vector potential whose open path integral is 
the open path Berry phase for the electronic motion, has been suggested. 

One of the early motivations preceding the analysis in [21] was to examine 
whether there is a relation between the MAB effect in the E ®e Jahn- Teller 
system and the AC effect, based upon the simple observation that the origi- 
nal vibronic Hamiltonian for this Jahn- Teller system resembles exactly that 
of an electrically neutral spin— ^ in a certain field configuration. Indeed, by 
transforming to a molecular frame that co-moves with the nuclear pseudoro- 
tation, this analogue was made explicit in |21] in the case of either linear or 
quadratic coupling. In the present paper, this result has been extended to 
the linear -|- quadratic case, leading to an anisotropic effective electric field 
originating from four charged lines sitting at the four conical intersections in 
nuclear configuration space. 
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